In this paper we consider the synthesis of a point-to-point control law for a three degrees of freedom planar PPR underactuated manipulator moving in a horizontal plane. We apply the results of [1] where a discontinuous feedback controller construction for a special class of underactuated systems is presented. By using a coordinate transformation provided by [2] we transform the system into chained form which makes it suitable for the application of the discontinuous control law. Simulation results are presented that demonstrate the effectiveness of the controller.
Introduction
Control of underactuated manipulators has attracted a lot of attention in the recent past. Control of underactuated two-link manipulator moving in a vertical plane under the influence of gravity has been investigated in [3] , [4] , [5] and [6] . Control of two-link manipulators moving in a horizontal plane is more difficult because of the loss of linear controllability. Recently, De Luca et al. [7] have given a technique for the stabilization of a 2R manipulator moving in a horizontal plane with a single actuator at the first joint. Control of a three degrees of freedom underactuated manipulator has been investigated by Arai et al. [8] and Imura et al. [2] . The former have developed an algorithm to construct trajectories for positioning the links composed of simple translational and rotational segments. Further, the trajectory segments are stabilized by a nonlinear feedback control. The latter have provided a coordinate transformation to transform the system into a chain system and also proposed a controller for the point-to-point control. The paper is organised as follows: In section 2 the equations of motion of the system are presented. Transformation to a chained form is considered in section 3. The discontinuous control law for point-to-point control is constructed in section 4. Simulation results are presented in section 5 and the conclusions are drawn in section 6. 
Model
Consider the ¿ link planar manipulator moving in a horizontal plane as shown in figure 1 . The manipulator has two prismatic joints which are actuated , while the third joint is a revolute passive joint. The two prismatic joints are orthogonal. Let´Ü Ýµ denote the position of the free joint and the orientation of the third link. It is clear that the configuration space of a PPR manipulator is É Ê¢Ê ¢Ë ½ and is parametrized by the coordinates Õ Ü Ý . Let ½ and ¾ be the control inputs to the two prismatic joints. Also, denote by Ð the distance between the center of mass of the third link and the third joint. The equations of motion [2] of the system are to be nonholonomic in [8] . It can be shown that the three link planar PPR manipulator is not linearly controllable since gravitational torques are absent. However, one can prove the small time local controllability (STLC) property for this system. Arai et al. [8] have proved the STLC result at zero generalized velocity.
Transformation to chained form
The chained form of equations for a kinematic system makes it suitable for applying motion planning algorithms [9] . Imura et al. [2] have proved that the system (1) is feedback equivalent to a one-chain system composed of second-order differential system. We reproduce the work of [2] to convert the given system (1) into chain form through the following proposition. 
where ½ ¾ ¿ Ì and Ù Ù ½ Ù ¾ Ì are the new coordinates and the new input, respectively. Proof Using the input transformation given by
we get the following relations
where Ñ ¿ Ð Á and Ù Ü Ù Ý are the new inputs. Furthermore, using the coordinate and the input transformations given by
we obtain (2).
¾ 4 Point-to-point control
Point-to-point control of a horizontal planar underactuated manipulator without potential torques is more difficult than gravity assisted underactuated mechanical system because of the loss of linear controllability property. An immediate consequence of this is that there exists no smooth feedback law [10] which asymptotically stabilizes the equilibrium point. This fact is the outcome of Brockett's well known theorem [11] . However, a weaker controllability property known as STLC along with the fact that the state-space dimension is 6 guarantees the existence of piecewise analytic and time-periodic continuous feedback law respectively for asymptotic stabilization of the equilibrium [12] . Imura et al. [2] have proposed a controller that takes the system from any given position to any desired position within the set Ë. We construct an alternate controller based on a result of [1] which provides a constructive discontinuous feedback control law for a special class of underactuated mechanical systems. The class of systems are those with several actuated degrees of freedom (Ñ ¾ Ñ being the number of independent controls ) and a single unactuated degree of freedom that must be controlled through the system coupling. However, the control design methodology makes certain assumptions which are strongly coordinate dependent. The original system equations described by (1) does not satisfy these assumptions but when the system is expressed in chained form, these assumptions are satisfied.
Discontinuous feedback control
Following the notation in [1] , the chained form (2) can be rewritten as 
is stabilizable so that there exist a constant gain vector Ð ´Ð ½ Ð ¾ Ð ¿ µ, such that the matrix ½ · Ðis
Hurwitz. Clearly, assumptions in [1] hold. The system (7) now becomes
If´ ½´Ø µ Ú ½´Ø µµ is a solution of (9), then the rational transformation given by (8) yields a linear time-varying system (10) so long as ½ ¼ .
Controller design for the subsystem

È ½
A linear control law of the form
where ½ ¾ ¼ are constants, can be used to stabilize the origin of (9). The above controller places the eigenvalues at ½ and ¾ , rendering the origin of´ ½ Ú ½ µ to be a stable node. The vector field of the system described by (9) The time derivative of ½ is given by ½ Ú ½ · ¾ Ú ½ (13) while that of ¾ is given by 
The switching of the control law based on the initial condition of´ ½ Ú ½ µ is as follows:
We now state a result following that in [1] without the proof. The control law defined by (18)-(19) guarantees that the origin is an attractor for all initial states except those that lie on the manifold´ ½ Ú ½ µ ´¼ ¼µ. Therefore for values of ½ close to zero, very large control effort is required. This problem is mitigated by steering ½ to a nonzero value using a finite time controller. The extent to which the value of ½ is to be increased is guided by the saturation limits on Ù ¾ .
The finite time controller used is the one given in [13] . Finite time controllers are differential equations with the property that the origin is asymptotically stable, and all solutions which converge to zero do so in finite time. An immediate consequence is that the finite time differential equations are not Lipschitz at the origin. 
Simulation results
We simulate equations (9)- (10) When ½´Ø µ «, the control law is switched to (21). The control effort increases as the value of « is decreased. Figure   4 shows the time responses of the states and the control inputs.
The spikes visible in the plots of ½ and ¾ are due to the following fact. Recall that the transformation to the chained system of equations is not a global one; the chained equations are valid only in the domain Ë. The feedback control law is however not cognizant of this domain of validity. In figure 4 , approaches the boundary of this domain around ¾ seconds when its value approaches ½ ¿ rads. It is at this point when the chained system reaches a singularity that this abnormal spike occurs. We are currently investigating this phenomenon and hope to provide a more cogent explanation in the near future.
Conclusion
We have applied a discontinuous feedback law as proposed by [1] for point to point control of an underactuated PPR planar manipulator. A transformation to a chained form helps realize the application of this controller. Simulation results for both the cases shows convergence to the desired position. Certain aspects of the control magnitude are currently being investigated. 
